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Ultrafinitism(Kornai 2003; Podnieks 2005; Yessenin-Volpin 1970; Gefter 2013; Lenchner
2020) postulates that we can only reason and compute relatively short objects(Seth Lloyd
2000; Krauss and Starkman 2004; Sazonov 1995; S. Lloyd 2002; Gorelik 2010), and numbers
beyond certain value are not available. Some philosophers also question the physical existence
of real numbers beyond a certain level of accurracy(Gisin 2019). This approach would also
forbid many forms of infinitary reasoning and allow removing many from paradoxes stemming
from a countable enumeration.
However, philosophers still disagree on whether such a finitist logic could be consistent(Magidor 2007), while constructivist mathematicians claim that “no satisfactory developments exist”(Troelstra 1988). We present preliminary work on a proof system based on
Curry-Howard isomorphism(Howard 1980) and explicit bounds for computational complexity.
This approach invalidates logical paradoxes that stem from a profligate use of transfinite
reasoning(Benardete 1964; Nolan forthcoming; Schirn and Niebergall 2005), and assures that
we only state problems that are decidable by the limit on input size, proof size, or the number
of steps(Tarski, Mostowski, and Robinson 1955).
Consideration of complexity also solves other paradoxes, in particular the “paradox of inference” existing in classical theory of semantic information(Bar-Hillel and Carnap 1953; Duzi
2010). Using a bound on cost and depth of the term for each inference, we independently developed a very similar approach to that used for cost bounding in higher-order rewriting(Vale
and Kop 2021).
By finitism we understand the mathematical logic that tries to absolve us from transfinite
inductions(Kornai 2003). Ultrafinitism goes even further by postulating a definite limit for
the complexity of objects that we can compute with(Seth Lloyd 2000; Krauss and Starkman
2004; Sazonov 1995; S. Lloyd 2002; Gorelik 2010). We assume these without committing to a
particular limit.
In order to permit only ultrafinitist 1 inferences, we postulate ultraconstructivism: we permit
proofs, or constructions that are not just strictly computable, but for which there is a bound
on amount of computation that is needed to resolve them. That means that we forbid proofs
that go for an arbitrarily long time and require a deadline for any proof or computation.
For the sake of generality, we will attach this deadline in the form of bounding function that
takes as arguments depths of input terms, and outputs the upper bound on the number of steps
that the proof is permitted to make. Depths of input terms are a convenient upper bound on
the complexity of normalized proof terms (those without the cut.)
α(v)
Please note that notation ∀xv : A →β(v) B has a size variable v declared as a depth of term
variable x, and then bound in polynomials α(v) and β(v) The notation α(1) is a shortcut for
αJ1/vK in the rules abs and app.
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called strict finitist by (Magidor 2007).
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v
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x
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i
Polynomials:
ρ
Data size bounds:
α
Computation bounds: β
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After elision of bounds and rule subsume we see the rules for intuitionistic logic. Thus
consistency can be proved by the consistency of intuitionistic logic(Brouwer 1981; Van Dalen
1986; Sørensen and Urzyczyn 1998). Every valid proposition with a fixed bound on input n
can be checked by enumerating inputs, and is thus decidable. It is easy to show that our logic
can emulate bounded loop programs(Meyer and Ritchie 1967) which have power equivalent
to primitive recursive functions(Robinson 1947). Expressing statements about undecidability
implicitly requires unbounded computational effort. Since all our proofs and arguments are
explicitly bounded, there is no room to state undecidability. We thus define statements that
are both true, and computable a given limit(Gorelik 2010).
2

Consistent Ultrafinitist Logic

M. J. Gajda

References
Bar-Hillel, Yehoshua, and Rudolf Carnap. 1953. “Semantic Information.” British Journal for
the Philosophy of Science 4 (14): 147–57. https://doi.org/10.1093/bjps/IV.14.147.
Benardete, Jose. 1964. Infinity: An Essay in Metaphysics. Clarendon Press.
Brouwer, L. E. J. 1981. Over de Grondslagen Der Wiskunde. Vol. 1. MC Varia. Amsterdam:
Mathematisch Centrum.
Duzi, Marie. 2010. “The Paradox of Inference and the Non-Triviality of Analytic Information.” Journal of Philosophical Logic 39 (October): 473–510. https://doi.org/10.1007/
s10992-010-9127-5.
Gefter, Amanda. 2013. “Mind-Bending Mathematics: Why Infinity Has to Go.” New Scientist
219 (2930): 32–35. https://doi.org/https://doi.org/10.1016/S0262-4079(13)62043-6.
Gisin, Nicolas. 2019. “Indeterminism in Physics, Classical Chaos and Bohmian Mechanics. Are
Real Numbers Really Real?” https://arxiv.org/abs/1803.06824.
Gorelik, Gennady. 2010. “Bremermann’s Limit and cGh-Physics.” https://arxiv.org/abs/
0910.3424.
Howard, William A. 1980. “The Formulae-as-Types Notion of Construction.” In To h.b. Curry:
Essays on Combinatory Logic, λ-Calculus and Formalism, edited by J. Hindley and J. Seldin,
479–90. Academic Press.
Kornai, Andras. 2003. “Explicit Finitism.” International Journal of Theoretical Physics 42
(February): 301–7. https://doi.org/10.1023/A:1024451401255.
Krauss, Lawrence, and Glenn Starkman. 2004. “Universal Limits on Computation,” May.
Lenchner, Jonathan. 2020. “A Finitist’s Manifesto: Do We Need to Reformulate the Foundations of Mathematics?” https://arxiv.org/abs/2009.06485.
Lloyd, S. 2002. “Computational Capacity of the Universe.” Physical Review Letters 88 23:
237901.
Lloyd, Seth. 2000. “Ultimate Physical Limits to Computation.” Nature 406 (6799): 1047–54.
https://doi.org/10.1038/35023282.
Magidor, Ofra. 2007. “Strict Finitism Refuted?” Proceedings of the Aristotelian Society 107
(1pt3): 403–11. https://doi.org/10.1111/j.1467-9264.2007.00230.x.
Meyer, Albert R., and Dennis M. Ritchie. 1967. “The Complexity of Loop Programs.” In
Proceedings of the 1967 22nd National Conference, 465–69. ACM ’67. New York, NY,
USA: Association for Computing Machinery. https://doi.org/10.1145/800196.806014.
Nolan, Daniel. forthcoming. “Send in the Clowns.” In Oxford Studies in Metaphysics, edited
by Karen Bennett and Dean Zimmerman. Oxford: Oxford University Press.
Podnieks, Karlis. 2005. “Towards a Real Finitism?” 2005. http://www.ltn.lv/~podnieks/
finitism.htm.
Robinson, Raphael M. 1947. “Primitive recursive functions.” Bulletin of the American Mathematical Society 53 (10): p. 925–942. https://doi.org/bams/1183511140.
Sazonov, Vladimir Yu. 1995. “On Feasible Numbers.” In Logic and Computational Complexity,
edited by Daniel Leivant, 30–51. Berlin, Heidelberg: Springer Berlin Heidelberg.
Schirn, Matthias, and Karl-Georg Niebergall. 2005. “Finitism = PRA? On a Thesis of w. W.
Tait.” Reports on Mathematical Logic, January.
Sørensen, Morten Heine B., and Pawel Urzyczyn. 1998. “Lectures on the Curry-Howard Isomorphism.” http://citeseerx.ist.psu.edu/viewdoc/summary?doi=10.1.1.17.7385.
Tarski, Alfred, Andrzej Mostowski, and Raphael M. Robinson. 1955. “Undecidable Theories.”
Philosophy 30 (114): 278–79.
3

Consistent Ultrafinitist Logic

M. J. Gajda

Troelstra, A. S. 1988. Constructivism in Mathematics: An Introduction. Elsevier. https://
www.sciencedirect.com/bookseries/studies-in-logic-and-the-foundations-of-mathematics/
vol/121/suppl/C.
Vale, Deivid, and Cynthia Kop. 2021. “Tuple Interpretations for Higher-Order Rewriting.”
CoRR abs/2105.01112. https://arxiv.org/abs/2105.01112.
Van Dalen, Dirk. 1986. “Intuitionistic Logic.” In Handbook of Philosophical Logic: Volume III:
Alternatives in Classical Logic, edited by D. Gabbay and F. Guenthner, 225–339. Dordrecht:
Springer Netherlands. https://doi.org/10.1007/978-94-009-5203-4_4.
Yessenin-Volpin, Aleksandr S. 1970. “The Ultra-Intuitionistic Criticism and the Antitraditional
Program for Foundations of Mathematics.” In Studies in Logic and the Foundations of
Mathematics, 60:3–45. Elsevier.

4

