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Solvability is a central notion in the semantics of the λ-calculus. First studied by Wadsworth
[Wad71, Wad76] and Barendregt [Bar71, Bar74], it characterizes which λ-terms can be seen
as producing a result, thus denoting successful or meaningful computations, and which ones
cannot. Instinctively, one would identify results with terms having a normal form, and thus,
dually, unsuccessful or meaningless terms as those not having a normal form. Such an approach
has two related drawbacks. Firstly, the representation of partial recursive functions associating
undefinedness with terms not having a normal form is problematic, as it is not stable by
composition. Secondly, the equational theory extending β-conversion =β with the identification
of all terms not having a normal form is inconsistent, that is, it equates all λ-terms.
The Solvable Theory Both drawbacks disappear if meaningful/meaningless terms are rather
identified with solvable/unsolvable terms, where t is solvable if it exists a head context H sending
t to the identity, that is, such that Hhti →∗β I. Roughly, it means that t can be decomposed
by an environment that cannot simply discard t. An important operational characterization
is due to Wadsworth [Wad76]: a term t is solvable if and only if the head reduction of t
terminates. The characterization shows how to refine the naive theory, identifying meaningful
with head normalizable rather than normalizable. A compositional representation of partial
recursive functions can then be given, and the equational theory extending =β by identifying
all unsolvable terms—the minimal sensible theory H—is consistent.
Semantics of Call-by-Value Many variants of the λ-calculus have emerged. What is usually
referred to as the λ-calculus could nowadays be more precisely referred to as the (strong) callby-name λ-calculus. It is the most studied of λ-calculi, and yet it is never used in applications.
Functional programming languages, in particular, often prefer Plotkin’s call-by-value λ-calculus
[Plo75], where β-redexes can fire only when the argument is a value and usually further restrict
it to weak reduction and to closed terms—what we refer to as Closed CbV (λ-calculus).
The denotational semantics of the CbV λ-calculus is much less studied and understood than
the CbN one (some notable exceptions are [EHRDR92, PRR99, Ehr12, MPRDR19]). This is not
by accident: as first shown by Paolini and Ronchi Della Rocca [PRDR99, Pao01, RP04], there
are some inherent complications in trying to adapt semantic notions from CbN to CbV. They
stem from the fact that, while Closed CbV is a very elegant setting, denotational semantics have
to deal with open terms, and Plotkin’s operational semantics is not adequate for that because
of premature normal forms—see Accattoli and Guerrieri for extensive discussions [AG16].
One of the complications is that CbV solvability does not admit an internal operational
characterization akin to Wadsworth’s one for CbN, and thus it is not really manageable.
Two Approaches to Call-by-Value Solvability The literature has explored two opposite
approaches towards the difficulty of denotational semantics for the CbV λ-calculus:
1. Disruptive: replacing Plotkin’s CbV calculus with another, extended CbV calculus as to
obtain smoother denotational semantics, and in particular an easier theory of solvability;
2. Conservative: considering Plotkin’s CbV calculus as untouchable and striving harder to
characterize semantical notions (see Garcı́a-Pérez and Nogueira [GN16]).
One of the achievements of the disruptive approach is an operational characterization of solvability akin to Wadsworth, due to Accattoli and Paolini [AP12]. They introduce a CbV λ-calculus
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with let expressions, called value substitution calculus (shortened to VSC), together with a solving reduction that terminates if and only if the term is solvable in the VSC. This is akin to
what happens in CbN, where solvable terms are those for which head reduction terminates.
A reconciliation of the disruptive and the conservative approaches is obtained by Guerrieri
et al. [GPR17]. On the one hand, they embrace the disruptive approach, as they study Carraro
and Guerrieri’s shuffling calculus [CG14], another extensions of Plotkin’s calculus which can be
seen as a variant over the VSC and where Accattoli and Paolini’s operational characterization
of solvability smoothly transfers. On the other hand, they prove that a λ-term t is solvable in
the shuffling calculus if and only if it is solvable in Plotkin’s calculus. Therefore, the disruptive
extension becomes a way to study the conservative notion of solvability for Plotkin’s calculus.
Open Questions about CbV Solvability These works paved the way for a theory of CbV
solvability analogous to the one in CbN. Such a theory however is still lacking. For instance, it is
unknown whether CbV unsolvable terms can be consistently equated, i.e., whether the minimal
sensible theory by value HV is consistent. Further delicate points concern the characterization
of CbV solvable terms via intersection types. In CbN, a term t is solvable if and only if t is
typable with Gardner-de Carvalho’s non-idempotent intersection types [Gar94, dC07, dC18],
also known as multi types. Moreover, one can extract quantitative operational information
about solvable terms, namely the number of steps of the head strategy, which is a reasonable
measure of time complexity for λ-terms (see Accattoli and Dal Lago [AD12]), as well as the
size of the head normal form, as first shown by de Carvalho [dC07, dC18].
In CbV, there exist characterizations of solvable terms via intersection and multi types
[PRDR99, KMRDR21]. Those type systems, however, are defective: contrarily to what claimed
in those papers, their systems do not verify subject reduction (for [PRDR99] subject expansion
also fails). Carraro and Guerrieri [CG14] characterize CbV solvability using relational semantics, but their characterization is not purely semantic (or type-theoretic) because it also needs
the syntactic notion of CbV Taylor-Ehrhard expansion [Ehr12]. Additionally, from none of these
characterizations it is possible to extract quantitative operational information. They all rely,
indeed, on the shuffling calculus, for which it is unclear how to extract (from type derivations)
the number of commuting conversion steps, and its time cost model is also unclear [AG16].
Contributions We study all these questions, providing also a quantitative analysis of solvability via intersection types. Because of the quantitative aspect, we study solvability in the VSC
rather than in the shuffling calculus. The VSC is indeed a better fit than the shuffling calculus
for quantitative analyses, because its number of β steps is a reasonable time cost model and
can be extracted from multi type derivations, as shown by Accattoli et al. [ACSC21, AGL21].
In particular, we study CbV solvability via multi types. Our contributions are:
1. Multi types and CbV solvability: we characterize CbV solvability using Ehrhard’s CbV multi
types [Ehr12], which are strongly related to linear logic. Namely, we prove that a term is
CbV solvable if and only if it is typable with a certain kind of multi types deemed solvable
and inspired by Paolini and Ronchi Della Rocca [PRDR99];
2. Bounds from types: refining our solvable types, we extract the number of steps of solving
reduction on a solvable term, together with the size of the solving normal form. This study
re-casts de Carvalho’s results in CbV, but it also requires new concepts.
While solvability is certainly subtler in CbV than in CbN, our contributions show that, if the
presentation of CbV is carefully crafted, then a solid theory of CbV solvability is possible. In
fact, we obtain a theory comparable to the one in CbN. This is our main achievement.
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