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Intersection Types

Intersection types 0,01, 09, ... are defined by the following grammar,
where n > 1 and « is a type variable:

o= aloN--No, — 0.
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Intersection Types

Intersection types 0,01, 09, ... are defined by the following grammar,
where n > 1 and « is a type variable:

o= aloN--No, — 0.

@ In the first intersection type systems, N is idempotent.
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Intersection Types

Intersection types 0,01, 09, ... are defined by the following grammar,
where n > 1 and « is a type variable:

o= aloN--No, — 0.
@ In the first intersection type systems, N is idempotent.

e Quantitative types are the non-idempotent intersection types (N is
non-idempotent): aNa — B # a — L.
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Finite Rank

@ Typability is undecidable for unrestricted intersection type systems.
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Finite Rank

@ Typability is undecidable for unrestricted intersection type systems.

@ Restricting intersection types to a finite rank makes typability
decidable.

Definition (Rank of intersection types)

Let Ty be the set of simple types and
Ty={mnN---N7m |71, ., Tm € To,m > 1}.

The set Ty, of rank k intersection types (for k > 2), can be defined
recursively in the following way (n > 3, m > 2):

T2:TOU{F—>U|FET1,0’€T2}
Tn:Tn_lLJ{Flﬂ”-ﬁFm—)O'|7:'1,...,7_')m€Tn_1,0€T,7}
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Finite Rank - Example

@ The rank of an intersection type is related to the depth of the nested
intersections.

a1 N (a1 — az) — az: (a1 Nag = a3) — aa:
— —
N N
N () — (a7
/N AN
o — N Qs
/N /N
a1 Qo ap Qg
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Finite Rank - Example

@ The rank of an intersection type is related to the depth of the nested
intersections.

a1 N (a1 — ag) = an: (1 Nag = a3) — aa:

Rank 2 Rank 3
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Consider the term Afx.f(fx).

@ In a quantitative type system, the term is typable with:
((a = a)N(a—a) > a—a
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Consider the term Afx.f(fx).

@ In a quantitative type system, the term is typable with:
((a = a)N(a—a) > a—a

@ Then, in an idempotent system, it can be typed with:
(a = a) = a—a
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Consider the term Afx.f(fx).

@ In a quantitative type system, the term is typable with:
((a = a)N(a—a) > a—a

@ Then, in an idempotent system, it can be typed with:
(a = a) = a—a

@ This rank decrease makes it possible to type a term like
(Ax.x)(Afx.f(fx)) in a rank 2 idempotent type system, which would
not be typable in a rank 2 quantitative type system ((Ax.x) must be
typed with a rank 3 type).
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Consider the term Afx.f(fx).

@ In a quantitative type system, the term is typable with:
(¢ = a)N (@ — a)) = a — a. < f occurs twice

@ Then, in an idempotent system, it can be typed with:
(a = a) = a—a

@ This rank decrease makes it possible to type a term like
(Ax.x)(Afx.f(fx)) in a rank 2 idempotent type system, which would
not be typable in a rank 2 quantitative type system ((Ax.x) must be
typed with a rank 3 type). But quantitative information is lost.

Fébio Reis (University of Porto) Linear Rank Intersection Types



Consider the term Afx.f(fx).

@ In a quantitative type system, the term is typable with:
((« = a)N (@ — a)) = a — a. < f occurs twice

@ Then, in an idempotent system, it can be typed with:
(a = a) = a—a.

@ This rank decrease makes it possible to type a term like
(Ax.x)(Afx.f(fx)) in a rank 2 idempotent type system, which would
not be typable in a rank 2 quantitative type system ((Ax.x) must be
typed with a rank 3 type). But quantitative information is lost.

Only the linear terms! are typed by a simple type in a non-idempotent
intersection type system.

!Depending on the type system, that can be true for the affine terms.
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Linear Rank

@ We propose a new definition of rank for intersection types that differs
from the previous one in the base case and the introduction of the

linear arrow —o.

Definition (Linear rank of intersection types)

Let Ty be the set of linear types and
Toi={nn---N7m|71,...,Tm € Trg,m > 1}.

The set Ty, of linear rank k intersection types (for k > 2), can be
defined recursively in the following way (n > 3, m > 2):

T]Lz:TLOU{T—OU’TGTLO,JETLZ}

U{mnn---Ntm—0|71,...,7m € Trg,0 € Ty}
TLHZTLn_lU{F—OU|7_"€TL,,_1,U€T]L”}
u{aan---Nim—oo0ol|7,...,Tm € Top_1,0 € TL,}
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Linear Rank 2 Intersection Type System

In the Linear Rank 2 Intersection Type System, we say that M has type o given the environment I, and
write [ Fo M : o if it can be obtained from the following derivation rules:
[x:7]bFax:7T (Axiom)
Fl,x o 7"’1,y 5 Fz,rz }—2 M:o
Exch
T,y 7o,x:,T2aka Mg (Bxchange)
F,x1:71,% T, oo Mo .
M1, x:7ANT, T2 o M[x/x1,x/x] : o (Contraction)
Mx:mN---NmkFaM:o n>2
— Int
oA M:mnN---N1y =0 ( )
T My:mn---N7m, > o Mibo My - Tpbo My, n>?2 Eli
MY it MiM, o (= Elim)
x: 7Tk M:o
T AXM:7—o0 (= liio)
rlkleiT—OO' r2F2M2ST .
Fl, r2 |—2 M1M2 5@ (40 Ellm)
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Linear Rank 2 Intersection Type System

In the Linear Rank 2 Intersection Type System, we say that M has type o given the environment I, and
write [ Fo M : o if it can be obtained from the following derivation rules:
X:T|Fox:T Axiom
[x: 7]
l,x: 7,y :T,lakoM:o
: Exch
M,y:%,x:7,T22M:0o (Exchange)
rl,X1:7_"1,X2:7_"2,r2F2M:0' .
Contract
Fl,x:ﬁ ﬂ‘FQ,rz o M[X/Xl,X/XQ]ZO' ( ontrac |on)
Mx:mN---N1pkaM:o n>?2
Int
T MmN N oo (= Intro)
rkoMy:mn---Nmy—o Mo My:mg - Thba My m, n>?2 (= Elim)
F,E,f’:l F,— }—2 M1M2 o - 'm
Mx:7TkoM:o
FFo AxM:7—o0 (& i)
rll—leiT—OU rz}—z MzZT (40 E|Im)

[,Tob2 MiM, : o

Linear Rank Intersection Types
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Linear Rank 2 Intersection Type System

Structural rules

Fl,x:Fl,y:FQ,Fz |—2 MZO’
M,y:m,x: 7,k M: 0o

(Exchange)

I'1,x1 o ?1,X2 o 7_"2,r2 |—2 M:o
M,x: 71N, M[X/Xl,X/Xg] ol

(Contraction)

v
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Linear Rank 2 Intersection Type System

In the Linear Rank 2 Intersection Type System, we say that M has type o given the environment I, and

write [ Fo M : o if it can be obtained from the following derivation rules:

[x:7]bFax:7T

7_"1,y17d'2,r2 }—zMZCT

M, x:
To, X T1,T2o o M o

M1,y

T, %0 i T, oo M o

(Axiom)

(Exchange)

(Contraction)

M1, xp:
F1,x:71NT2,Ta o Mx/x1,x/x0] : 0
Mx:mN---NmpkFaM:o n>?2
Int
koA M:mn---N1p =0 )
Tk My-mn---Nm— o MibkoMy:7m - Tk My 7,y n>2 (—)E| )
TS Tika MM, o m
Mx:7TkoM:o
FFo AxM:7—o0 (& i)
F1 |—2 MllT—OO' rz }—2 M2 T (40 E|Im)

[,Tab2 MiM, 2 o
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Linear Rank 2 Intersection Type System

— rules

x:mN---NmpkoM:o n>2
T AXxM:mn---N7mp— o

(— Intro)

M :mnN---N1m — o
oMy - Thta My 7y n>2 (— Elim)
FY L Tiks MiMs o
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Type Inference Algorithm

@ We defined a new, simpler type inference algorithm based on Trevor
Jim’s.
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Type Inference Algorithm

@ We defined a new, simpler type inference algorithm based on Trevor
Jim’s.

@ Solely based on first order unification.
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Type Inference Algorithm

@ We defined a new, simpler type inference algorithm based on Trevor
Jim’s.
@ Solely based on first order unification.

@ Sound and complete with respect to the Linear Rank 2 Intersection
Type System:

Theorem (Soundness)
If T(M)=(T,0), thenT Fo M : 0.

Theorem (Completeness)

IfT =2 M : o, then T(M) = (I, 0") (for some environment " and type
o') and there is a substitution S such that S(o’) = o and S(I'") =T.
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Type Inference Algorithm - Example

Q@ If M= M;M,, then:
Q if T(My)=(T,7N---N7)— o1) (with n > 2) and,
for each 1 < i < n, T(M,) = ([';,7),

then T(M) = (S(T'1 + >2i, 1), S(01)),

where S = UNIFY({r; =7/ | 1 < i < n});
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Type Inference Algorithm - Example

Q@ If M= M;M,, then:
Q if T(My)=(T,7N---N7)— o1) (with n > 2) and,
for each 1 < i < n, T(M,) = ([';,7),

then T(M) = (S(T'1 + >2i, 1), S(01)),

where S = UNIFY({r; =7/ | 1 < i < n});

v

For M = (A fx.f(fx))(Ay.y), we have:
o T(Atx.f(x)) = ([], (1 — a2) N (a2 — a3)) — a1 — a3)
o T(\y.y)=([l,51 — B1) = ([I, B2 — B2)
o S =[az/f1,03/P2,03/a1,a3/ ]

and so T(M) = (S([]), S(c1 — a3)) = ([], az — «3).
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Work In Progress

e Type system that extracts quantitative measures (number of
reduction steps to normal form).
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Work In Progress

e Type system that extracts quantitative measures (number of
reduction steps to normal form).

e Type inference algorithm that infers the number of reduction steps to
normal form.
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Work In Progress

e Type system that extracts quantitative measures (number of
reduction steps to normal form).

e Type inference algorithm that infers the number of reduction steps to
normal form.

@ In the future, we would like to further explore the relation between
our definition of linear rank and the traditional definition of rank,
adapt the system and algorithm for other evaluation strategies, and
extend them for a programming language.
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Thank You!
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