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Presheaf semantics can model:

HoTT (preservation of isomorphisms),

Parametricity (preservation of relations),

Guarded TT (preservation of stage of computation),
Nominal TT (preservation of renaming and c-equivalence),

Directed TT (preservation of homomorphisms).
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Presheaf semantics can model:
@ HoTT (preservation of isomorphisms),
@ Parametricity (preservation of relations),

Guarded TT (preservation of stage of computation),

Nominal TT (preservation of renaming and c-equivalence),

Directed TT (preservation of homomorphisms).
Use these preservation properties within type theory?
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Internalization Operators

HoTT HoTT/DirTT/Param.

Param.
=)y Glue Weld
Nominal TT Func. param. Type param. mill
Wi, (i), vi ® /extent V/Gel Weld < Vi Gllj_%rt;j?r?dTT
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Internalization Operators

We want simpler foundations:
@ simpler metatheory,
o cross-fertilization (e.g. non-affine W/Gel),
@ guidance (e.g. directed TT).

HoTT HoTT/DirTT/Param.

Param.
=)y Glue Weld
Nominal TT Func. param. Type param. mill
Wi, (i), vi ® /extent V/Gel Weld <> Vi Glﬂ%gj?nddTT
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Internalization Operators

We want simpler foundations:
@ simpler metatheory,
o cross-fertilization (e.g. non-affine W/Gel),
@ guidance (e.g. directed TT).

Strictness
HoTT HoTT/D(iar;EIE;/Param. Param.
I—=w)Hyv Weld
Nominal TT Func. param. Type param. mill
Wi, ((i)),vi ® /extent V/Gel Weld <> Vi Glﬂ%gj?nddTT
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Internalization Operators

We want simpler foundations:
@ simpler metatheory,
o cross-fertilization (e.g. non-affine W/Gel),
@ guidance (e.g. directed TT).

Strictness Pushout
HoTT HoTT/D(iar;EIE;/Param. Param.
I—=w)+4y/ Weld
Nominal TT Func. param. Type param. mill
Wi, ((i)),vi ® /extent V/Gel Weld <> Vi Glﬂ%gj?nddTT
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Internalization Operators

We want simpler foundations:
@ simpler metatheory,
o cross-fertilization (e.g. non-affine W/Gel),
@ guidance (e.g. directed TT).

Transpension

Yu-ju Strictness Pushout
HoTT HoTT/D(iar;EIE;/Param. Param.
(I— o) \/ Weld
/ /
/
/
»
Nominal TT Func. param. Type param. mill
Wi, ((i)),vi ® /extent V/Gel Weld <> Vi Glﬂ%gj?nddTT
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Our contribution

LMCS submission:
@ Type system with transpension (ju for shape variable v : U, e.g.
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Our contribution
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@ Type system with transpension (ju for shape variable v : U, e.g.
o j:Iin HoTT/Param.,

@ i:2in Directed TT,
@ i: Nin Nominal TT,
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Our contribution

LMCS submission:
@ Type system with transpension (ju for shape variable v : U, e.g.

o i:IinHoTT/Param.,
@ i:2in Directed TT,
@ i: Nin Nominal TT,

@ Built on an instance of MTT (multimodal TT),
@ With presheaf semantics,
@ No type-checking algorithm.
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Multimodal TT (MTT)

MTT is parametrized by a 2-category:
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Multimodal TT (MTT)

MTT is parametrized by a 2-category:
@ modesp, q,r, ...

Typical semantics:
@ [p] is a presheaf category modelling all of DTT,

Andreas Nuyts, Dominique Devriese Transpension: The Right Adjoint to the MN-type



Multimodal TT (MTT)

MTT is parametrized by a 2-category:
@ modesp,q,r,...
@ modalities 11 : p — q,
e Ontypes T+ (1| T),

e On contexts I — (I, @),
o @, .

Typical semantics:
@ [p] is a presheaf category modelling all of DTT,

Andreas Nuyts, Dominique Devriese Transpension: The Right Adjoint to the MN-type



Multimodal TT (MTT)

MTT is parametrized by a 2-category:
@ modesp,q,r,...
@ modalities 11 : p — q,
e Ontypes T+ (1| T),

e On contexts I — (I, @),
o @, .

Typical semantics:
@ [p] is a presheaf category modelling all of DTT,
o [@,] -[u] isadependent adjunction (DRA) ,

Andreas Nuyts, Dominique Devriese Transpension: The Right Adjoint to the MN-type



Multimodal TT (MTT)

MTT is parametrized by a 2-category:
@ modesp,q,r,...
@ modalities 11 : p — q,
e Ontypes T+ (1| T),

e On contexts I — (I, @),
o @, .

° o U=V
Typical semantics:
@ [p] is a presheaf category modelling all of DTT,
o [@,] -[u] isadependent adjunction (DRA) ,
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MTT Instantiation

&
Presheaf Semantics
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MTT Instantiation

&
Presheaf Semantics

Pick a base category 7 .
= We get a presheaf model Psh(%#").
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@ Problem: Modalities V(v : U) 4 () u bind / depend on u
(unsupported by MTT).
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@ Problem: Modalities V(v : U) - () u bind / depend on u
(unsupported by MTT).

@ Solution: Modes are shape contexts
eg.==(u:U,v:V,w: W)
Formally, = is a context in Psh(%#).

@ Judgements at mode = are modelled in Psh( [,, =):

TTin Psh([, =) TT in Psh(%)

=ctx
I"ctx ~ Z.lctx
I+ Ttype ~ =.[F Ttype
M=t:T ~ =ZIk+t: T

= We’re doing type theory in a fixed context =.

Andreas Nuyts, Dominique Devriese Transpension: The Right Adjoint to the MN-type



Shapes/Multipliers

@ A cartesian shapeis a U € # where # is cartesian.
— We get “multiplier” ux U # — W'
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Shapes/Multipliers

@ A (substructural?) shape is an U € # together with
an arbitrary “multiplier” functor i x U : # — #  such that
Uu=TxU.

@ A cartesian shapeis a U € # where # is cartesian.
— We get “multiplier” ux U # — W'
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Shapes/Multipliers

@ A (substructural?) shape is an U € # together with
an arbitrary “multiplier” functor i x U : # — #  such that
Uu=TxU.

@ A cartesian shapeis a U € # where # is cartesian.
— We get “multiplier” ux U # — W'

Multiplier extends overy : # C Psh(#) as
LxU:Psh(#) —»Psh(#):=— (Z,u:U)
(shape context extension).
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Shapes/Multipliers

@ A (substructural?) shape is an U € # together with
an arbitrary “multiplier” functor i x U : # — #  such that
Uu=TxU.

@ A cartesian shapeis a U € # where # is cartesian.
— We get “multiplier” ux U # — W'

Multiplier extends overy : # C Psh(#) as
LxU:Psh(#) —»Psh(#):=— (Z,u:U)
(shape context extension).

Assume multiplier is local right adjoint:

juiW%W/UZWi—)(W[XU,ﬂg)

should have left adjoint 4y - 4y.
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Substructural Modalities

We get
HIE—L-I'E:/ E—>/ = u:0),
U U » W( u:U)
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Substructural Modalities

We get
HIE—L-I'E:/ E—>/ =.u: ),
U U » W( )
whence 4 presheaf functors and 3 modalities

E I E S I C

I 4 £ 4 V5 4 0

[[aJuH B [[n\«’UH B [[n\’f!UH

Bl 4 [Vu] 4 [04]
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Shape Weakening Modalities

From 7y : (=,u: U) — = whence

¥I= ///(E,u [U) - /WE,
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Shape Weakening Modalities

From 7y : (=,u: U) — = whence

¥IF ///(E,u V) — /WE,

whence 3 presheaf functors and 2 modalities

=) A4 = A4 ED).

o4 Q5 4 NG

[@q,] - [8n.]

[Qu] H [Nuy]
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Shape Weakening Modalities

From 7y : (=,u: U) — = whence

¥IF ///(E,U:U) - //ﬂz,

whence 3 presheaf functors and 2 modalities

=) A4 = A4 ED).

5004 Q5 4 N

a

[@q,] - [8n.]

[Qu] H [Nuy]

Shape weakening 2 u is a modality (does not compute).
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Shape Weakening Modalities

From 7y : (=,u: U) — = whence

¥IF ///(E,U:U) - //ﬂz,

whence 3 presheaf functors and 2 modalities

=) A4 = A4 ED).

5004 Q5 4 N

a

[@q,] - [8n.]

[Qu] H [Nuy]

Shape weakening 2 u is a modality (does not compute).
For cartesian multipliers, we get fu=QuandVu=Tu-(u.
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Shape Substitution Modalities

From ¢ : =1 — =5 (e.g. weakening), we get

Zf":/ 51—>/ =>,
V4 V4

whence 3 presheaf functors and 2 modalities

(Zfoy 4 (Zfo)y 4 (2)o),

° 4 Q° 4 n°

[[HQG]] B [[BI'IG]]
[Qc] H [No]

Shape subst 2 ¢ is a modality (does not compute).
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We can recover most internal presheaf operators using:
@ The transpension type,

@ The strictness axiom,

@ A pushout type.
Basic semantics of transpension are straightforward.
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We can recover most internal presheaf operators using:
@ The transpension type,

@ The strictness axiom,

@ A pushout type.
Basic semantics of transpension are straightforward.

\,

Take home message
Check the preprint! https://arxiv.org/abs/2008.08533

Thanks!

Questions?

Andreas Nuyts, Dominique Devriese Transpension: The Right Adjoint to the IN-type 12/12


https://arxiv.org/abs/2008.08533

Quantification Theorem

@ For semicartesian multipliers (where <) u exists), we get

spoil, : du= Qu
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Quantification Theorem

@ For semicartesian multipliers (where <) u exists), we get

spoil, : du=Qu  cospoil, : Mu=YVu

@ For cartesian multipliers, we get

dJu=Qu Mu=VYu
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Quantification Theorem

@ For semicartesian multipliers (where <) u exists), we get

spoil, : du=Qu  cospoil, : Mu=YVu

@ For cartesian multipliers, we get
du=Qu Mu=Vu

@ For cancellative and affine multipliers
(where 4y is fully faithful), we get invertible (co-)units

const, : 1 =Vuodu
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Quantification Theorem

@ For semicartesian multipliers (where <) u exists), we get
spoil, : du=Qu  cospoil, : Mu=YVu
@ For cartesian multipliers, we get
Ju=Qu Mu=VYu

@ For cancellative and affine multipliers
(where 4y is fully faithful), we get invertible (co-)units

const, : 1 =Vuodu

unmer, : Vuoju =1
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Quantification Theorem

@ For semicartesian multipliers (where <) u exists), we get
spoil, : du=Qu  cospoil, : Mu=YVu
@ For cartesian multipliers, we get
Ju=Qu Mu=VYu

@ For cancellative and affine multipliers
(where 4y is fully faithful), we get invertible (co-)units

const, : 1 =Vuodu

unmer, : Vuoju =1

@ For cancellative, affine and connection-free multipliers,
we get ¢ /extent.
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Higher-Dimensional Pattern Matching

Definition
U is atomic if U — —
has a right adjoint v/—.
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U is atomic if U — — ...iff M(u: U) has a
has a right adjoint v/—. | right adjoint {) u.
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Higher-Dimensional Pattern Matching

Definition

U is atomic if U — — ...iff M(u: U) has a
has a right adjoint v/—. | right adjoint {) u.

Representables (e.g. )
are atomic.
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Higher-Dimensional Pattern Matching

Definition

Representables (e.g. )
are atomic.

U is atomic if U — — ...iff M(u: U) has a
has a right adjoint v/—. | right adjoint {) u.

If U is atomic, then

r F Nu.(AjuWAu) — (Mu.A vy (Mu.Azu)
Nu:U + (Atu" Az u) E Ju.(MuAu)y(MNu.Aru)
Fu:U Fizp Aiu i Qu.(MNu.Ayu)W(Nu.Au)
r Ficio  injj: NuAu i (Mu.Av)y(Nu.Azu)
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Higher-Dimensional Pattern Matching

Definition

Representables (e.g. )
are atomic.

U is atomic if U — — ...iff M(u: U) has a
has a right adjoint v/—. | right adjoint {) u.

If U is atomic, then

r F Nu.(AjuWAu) — (Mu.A vy (Mu.Azu)
Nu:U + (Atu" Az u) E Ju.(MuAu)y(MNu.Aru)
Fu:U Fizp Aiu ﬁ Qu.(MNu.Ayu)W(Nu.Au)
r Ficio  injj: NuAu E (Mu.Av)y(Nu.Azu)

Counterexample
Bool is not atomic.
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Constructor for U7 u:
Z,u:U|QuM)ka:A
=|Ft=mody, a:(Mu]|A)
4
g
V.
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Constructor for U7 u:
Su:U|QuN)ka:A
=|TFAga: (Mu|A)
4
g
V.
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Constructor for 241 u:
_ Projection by co-unit:
=u:U ’ Qu(l') Fa:A appy/y : (Qvi(Mu|A)) HA[COPYV/L/T]
Z|TF Aga: (Mu| A
v
v
v
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Constructor for 2471 u:
_ Projection by co-unit:
=u:U ’ Qu(l’) Fa:A appy/y : (Qvi(Mu|A)) — Alcopy, /1]

=Tk Aya: (Mu|A)

W
Constructor for 247 u:
Z,u:Ulduf)ta:A
=|FFmod, a: (Vu|A)
o
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Constructor for 2471 u:
_ Projection by co-unit:
=u:U ’ Qu(l’) Fa:A appy/y : (Qvi(Mu|A)) — Alcopy, /1]

=Tk Aya: (Mu|A)

Constructor for "4 u:
Z,u:U|du(M)kFa:A
=Z|FTEAsa: (Vu]|A)
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Constructor for 2471 u:
_ Projection by co-unit:
=u:U ’ Qu(l’) Fa:A appy/y : (Qvi(Mu|A)) — Alcopy, /1]

=Tk Aya: (Mu|A)

v

Constructor for 47V u:
_ Projection by co-unit:
Z,u:U|du(M)kFa:A app,,, : (Fvi{Vu|A)) — Alcopy, /1]

=Z|FTEAsa: (Vu]|A)
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Constructor for 2471 u:
_ Projection by co-unit:
Z,u:U|Qu(NFa:A app,u < (Qv 1 {Mu] A)) — Alcopy, /1]

=Tk Aya: (Mu|A)

Constructor for 47V u:
_ Projection by co-unit:
Z,u:U|du(M)kFa:A app,,, : (Fvi{Vu|A)) — Alcopy, /1]

=Z|FTEAsa: (Vu]|A)

Constructor for "¢ u:

Z|Vu(MkFa:A
E,U:U|F|—modoua:(§ju|A)
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Constructor for 2471 u:
_ Projection by co-unit:
Zu:U|Qu(M)-a:A appyy : (v (Mu| A)) = Alcopy, /1]

=|TFAya: (Mu| A)

Constructor for 4 u:
_ Projection by co-unit:
=u U ‘ E U(r) Fa:A apPy/y * (j‘” <VU | A>) - A[CopYV/uT]

Z|TEAya: (Vul A)

Constructor for *“() u:

=|Vu(N)Fa: A
Z,u:U|TEmerya: ((u|A)
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Constructor for 2471 u:
_ Projection by co-unit:
Zu:U|Qu(M)-a:A appyy : (v (Mu| A)) = Alcopy, /1]

=|TFAya: (Mu| A)

Constructor for 4 u:
_ Projection by co-unit:
=u U ‘ E U(r) Fa:A apPy/y * (j‘” <VU | A>) - A[CopYV/uT]

Z|TEAya: (Vul A)

Constructor for *“() u:

_ Projection by co-unit:
Z|Vu(M)Fa:A unmery : (Yu i1 {(u | A)) — Alconst, 1]

Z,u:U|TEmerya: ((u|A)
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